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PART - A
Answer all questions. Each question carries 2 marks

1. Let A be the set of all pairwise disjoint intervals in the real line R and B be the set of
all pairwise disjoint circles in the plane R2. Which of the following is true.

(a) A and B are uncountable.
(b) A and B are countable.
(c) A is countable and B is uncountable.
(d) A is uncountable and B is countable.

2. Let P, Q and R be statements. Which of the following is not a tautology.

(a) P ∨ ¬(P ∧Q) (b) P ∧ (P → Q)→ Q

(c) P → (Q→ R) (d) P → P

3. The number of connected non isomorphic partially ordered sets with four elements is

(a) 1 (b) 2 (c) 3 (d) 4

4. If p and q are prime numbers and if G is group of order p2q, then which one of the
following is not true about G?

(a) has an element of order p (b) has an element of order q
(c) has a subgroup of order p2 (d) has a subgroup of order pq

5. The polynomial x3 + 1 is irreducible over

(a) every finite field (b) every field of characteristic 0
(c) some finite field (d) no field

6. If E is a field extension of F and α1, α2, ..., αn ∈ E are algebraic elements over F,
then the extension F ≤ F (α1, α2, ..., αn) is

(a) algebraic but not finite (b) finite but not algebraic
(c) both algebraic and finite (d) neither algebraic nor finite

7. If A is an n× n matrix such that A2 = A, then
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(a) A must be the zero matrix (b) A must be the identity matrix
(c) rank of A is 1 or 0 (d) A is diagonalizable

8. Minimal polynomial of the matrix A =


2 1 0 0
0 2 0 0
0 5 3 0
4 0 0 4

 is

(a) x−3 (b) (x−2)(x−4) (c) (x−1)(x−2)(x−5) (d) (x−2)(x−3)(x−4)

9. Which one of the following statements is not correct for a finite-dimensional vector
space V over F?

(a) If W is a subspace which is invariant under every linear operator on V, then
W = {0} or V

(b) If T is a linear operator on V such that every (n− 1)-dimensional subspace of V
is invarient under T, then T is a scalar multiple of the identity operator

(c) If F = C and T is a linear operator on V, then T has invariant subspaces of
dimension j for each j = 1, 2, ..., dim(V )

(d) If a linear operator T on V has no eigenvalue, then V has no subspace invariant
under T

10. If fn : [0, 1] → [0, 1] is a sequence of differentiable functions and (fn) converges uni-
formly on [0, 1] to a function f, then

(a) f is differentiable and Riemann integrable on [0, 1]
(b) f is uniformly continuous and Riemann integrable on [0, 1]
(c) f is continuous but need not be differentiable on (0, 1) and need not be Riemann

integrable on [0, 1]
(d) f need not be uniformly continuous on [0, 1]

11. If f is a monotonically increasing function from [0, 1] to [0, 1], which of the statements:

(i) f must be continuous at all points in [0, 1]
(ii) f must be differentiable at all points in [0, 1]

(iii) f must be Riemann integrable on [0, 1]
(iv) f must be bounded

are true?

(a) (i) and (ii) (b) (ii) and (iii) (c) (iii) and (iv) (d) (i) and (iv)

12. A subset E of R such that every subset of E is Lebesgue measurable is
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(a) a closed interval (b) an open interval
(c) the set of all rationals (d) the set of all irrationals

13. The solution of the linear congruence 4x = 5(mod 9) is?

(a) 5(mod 9) (b) 6(mod 9) (c) 7(mod 9) (d) 8(mod 9)

14. The value of 52003(mod 7) is?

(a) 1 (b) 2 (c) 3 (d) 4

15. Let τ be the topology on R defined by τ = {A ⊆ R : R \ A is finite} ∪ {φ} and (xn)
be the sequence defined by xn = 1

n
. Which of the following is true.

(a) (xn) converges to 0. (b) (xn) diverges.
(c) (xn) converges to every point in R. (d) None of these.

16. Which one of the following is not true for a finite simple plane graph G?

(a) G is five-colourable
(b) G cannot have a subgraph isomorphic to K5

(c) The minimum degree cannot exceed 5
(c) None of these.

17. Which one of the following does not give a Boolean algebra structure with respect to
union, intersection and complementation of sets?

(a) The set of all subgroups of a finite group
(b) The set of all subsets of a finite set
(c) The set of all subspaces of a metric space
(d) None of these

18. Consider the autonomous differential equation

y′ = y3 − 1

How many stable equilibrium solutions does this diffrential equation have?

(a) 0 (b) 1 (c) 2 (d) 3

19. Find the solution of ∂u
∂x

= 36∂u
∂t

+ 10u if ∂u
∂x

(t = 0) = 3e−2x using the method of
separation of variables.

(a) −3
2 e
−2xe−t/3 (b) 3exe−t/3 (c) 3

2e
2xe−t/3 (d) 3e−xe−t/3
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20. Let ϕ satisfy
ϕ(x) = f(x) +

∫ x

0
sin(x− t)ϕ(t)dt

Then ϕ is given by:

(a) ϕ(x) = f(x) +
∫ x

0 (x− t)f(t)dt (b) ϕ(x) = f(x)−
∫ x

0 cos(x− t)(x− t)f(t)dt
(c) ϕ(x) = f(x)−

∫ x
0 (x− t)f(t)dt (d) ϕ(x) = f(x)−

∫ x
0 sin(x− t)(x− t)f(t)dt

21. Which of the following function is analytic?

(a) f(z) = |z|2 (b) f(z) = z (c) f(z) = Re z (d) None of these

22. The bilinear transformation which maps the points z1 = ∞, z2 = i, z3 = 0 onto the
points w1 = 0, w2 = i, w3 =∞ is

(a) 1
z

(b) −1
z

(c) 1
z+i

(d) −1
z+i

23. Let T be the class of all compact topologies on a non empty set X and τ ∈ T is
Hausdorff. Which of the following is true.

(a) τ is a maximal element in T .
(b) τ is a minimal element in T .
(c) τ is neither a maximal element nor a minimal element in T .
(d) τ is both maximal and minimal element in T .

24. If X and Y are normed spaces over K, and F : X → Y is a bijective linear map, then

(a) F is a homeomorphism (b) F is continuous
(c) F−1 is closed (d) F is open

25. If X is a reflexive space, then among the statements:

(i) X is Banach
(ii) the dual space X ′ is reflexive

(iii) every continuous linear functional attains its norm on the unit ball
(iv) X is strictly convex

which are correct?

(a) all the statements (b) only (i), (ii) and (iii)
(b) only (i), (ii) and (iv) (d) only (i), (iii) and (iv)
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PART - B
Answer any ten questions. Each question carries 5 marks

1. Show that the set N of natural numbers can be represented as a countably infinite
family of countably infinite disjoint sets.

2. Give an example for

(a) a non abelian group with exactly one proper non-trivial normal subgroup
(b) a non abelian p-group, for some prime p

3. If F ≤ E is finite (field)extension such that there is no intermediate field between F
and E, what can we say about its Galois group?

4. Prove or disprove: If U1, U2, W are subspaces of a vector space V such that U1 +W =
U2 +W = V, then U1 = U2.

5. Prove that a projection on an inner product space is self adjoint if and only if it is
orthogonal. Also deduce that every orthogonal projection is bounded.

6. Does there exist a positive integer such that the product of its proper divisors ends
with exactly 2001 zeroes?

7. Prove that there are infinitely many positive integers n such that ϕ(n) = n
n
.

8. Prove that the equation y2 = x5 − 4 has no integer solutions

9. Prove or disprove.
Every connected subset of a topological space (X, τ) has a connected closure in X.

10. Solve the IVP:

ytt = c2yxx,−∞ < x <∞, t > 0
y(x, 0) = sin x
yt(x, 0) = 0

11. Find the equation of the integral surface of the differential equation

2y(z − 3)p+ (2x− z)q = y(2x− 3)

which passes through the circle z = 0, x2 + y2 = 2x.

12. Obtain an approximate solution of the integral equation

y(x) = x2 +
∫ 1

0
sin(xξ)y(ξ)dξ

by replacing sin xξ by the first two terms of its power series:

sin(xξ) = (xξ)− (xξ)3

3! + · · ·
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13. Using the method of successive approximations solve the following integral equation:

y(x) = 1 +
∫ x

0
(x− ξ)y(ξ)dξ,

taking y0(x) = 1.

14. Let M be an infinite triangular matrix with all its diagonal entries equal to zero. If M
defines a compact operator on `2, then prove that σ(M) = {0}. Also prove that this
may not hold if M defines a bounded non compact operator on `2.

15. Find the Laurent series expansion of the function f(z) = 1
z2(1−z) in the region 1 < |z| <

∞.

16. Let X be a set. Show that there exists a one-to-one correspondence between the
equivalence relations on X and the partitions of X.

∗ ∗ ∗ ∗ ∗
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