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PART A
Answer all questions. Each question carries 2 marks.

1. If A, B and C are three subsets of a set X and if a ∈ (A − B)′ ∩ (B − C)′ ∩ (C − A)′,
where ′ denotes the complement, which one of the following can not be true?

A. a ∈ A ∩ B ∩ C

B. a ∈ (A ∪ B ∪ C)′

C. a ∈ (A ∩ B ∩ C)′

D. None of these.

2. The statement A ∨ (A ∧ B) is always logically

A. true

B. false

C. true if A is true

D. false if A is true

3. If | A |= m and | B |= n, where m and n are natural numbers with n ≥ m, then the
number of one-one functions from A to B is

A.
(n

m

)

n!

B.
(n

m

)

m!

C.
(n

m

)

(n − m)!

D. none of these

4. The number of vertices in a 3-regular graph with 36 edges is

A. 12

B. 18

C. 24

D. 20

5. The set {1, 2, ..., 10} under the relation ‘divides’ satisfies the axioms of a

A. lattice

B. poset but not a lattice

C. totally ordered set

D. none of these

6. The order of the commutator subgroup of a group of order (5)(7)(23) is



A. 1

B. 5

C. 7

D. 23

7. If I1 and I2 are the ideals in Q[x] generated by x4 + 1 and x4 − 1 respectively, then Q[x]
can not have proper ideals I and J such that

A. I ⊂ I1 and I ⊂ I2

B. I ⊃ I1 and J ⊃ I2

C. I ⊂ I1 and J ⊃ I2

D. I ⊂ I1 and J ⊂ I2

8. The ring F [x] has an irreducible polynomial having roots of multiplicity greater than 1,
if F is

A. Zp

B. Q

C. The field Zp(yp) of rational functions in yp over Zp.

D. The field Q(yp) of rational functions yp over Q.

9. Let V be a vector space over K and U be a non empty subset. Which statement given
below is correct.

A. If U is closed under addition and inversion, then U is a subspace of V .

B. If U is closed under scalar multiplication, then U + U is a subspace of V .

C. If U is closed under scalar multiplication, then U is a subspace of V .

D. None of the above statements is correct.

10. Suppose U and W are subspaces of the vector space R8. Among the follwing statements:

(a) If dim U = 3, dim W = 5 and U + W = R8 then U ∩ W = {0}.

(b) If dim U = 4 and dim W = 4 then U + W = R8.

(c) If dim U = 3 and dim W = 4 then U ∩ W is 1-dimensional.

(d) If dim U = 4 and dim W = 5 then U ∩ W never be {0}.

Which one is true.

A. (a) and (b) are true.

B. (b) and (c) are true.

C. (d) and (c) are true.

D. (a) and (d) are true.

11. Find the incorrect statement.

A. Suppose that V and W are both finite dimensional vector spaces. If N is the null
space of a linear transformation from V to W , then dim N ≥ dim V − dim W .
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B. Suppose W is a finite dimensional vector space and V is any vector space. If
T ∈ L(V, W ) is injective, then there exists S ∈ L(W, V ) such that ST is the
identity map on on V .

C. If V is a vector space and T is a linear operator on V . If null space of T and
range of T are finite dimensional then V is finite dimensional.

D. Suppose V is finite dimensional and S, T ∈ L(V ), the invertibility of ST need
not imply that of S and T .

12. If {fn} is a sequence of real numbers defined on a metric space X, which of the following
statement is correct

A. Let X be compact and each fn is continuous. If {fn} is uniformly bounded
sequence then {fn} has a subsequence which converges pointwise in E

B. If {fn} converges point-wise then it has a uniformly convergent subsequence.

C. If {fn} is uniformly convergent sequence of bounded functions then {fn} is
uniformly bounded.

D. If {fn} is uniformly bounded then it has a uniformly convergent subsequence

13.
∑

d|n µ(d)φ(d) = 0 if n is

A. even

B. odd

C. any natural number

D. any natural number grater than 12

14. Let f be a multiplicative function which is not identically zero. Then the value of f(1)
is

A. 0

B. 1

C. 2

D. 3

15. Let X be a topological space and A be a subset of X. Which of the following is true.

A. If A is nowhere dense in X then X \ A is dense in X.

B. If A is dense in X then the interior of A is also dense in X.

C. If A is dense in X then X \ A is nowhere dense in X.

D. If A is dense in X then X \ A never dense in X.

16. Let X be an uncountable set and a ∈ X. Let τ = {X} ∪ {A ⊆ X : a /∈ A}. Which of
the following is not true.

A. (X, τ) is connected.

B. (X, τ) is compact

C. (X, τ) is first countable.

D. (X, τ) is second countable.
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17. Let g : [a, b] → R be an absolutely continuous function, the incorrect statement about g
is

A. g has a bounded variation.

B. g is differentiable a.e.

C. Composition of g and any other absolutely continuous function is absolutely
continuous.

D. If µ is the Lebesgue measure of R and if µ(N) = 0 for a subset N of [a, b] then
µ(g(N)) = 0.

18. Let E be an open set in Rn and f be a differentiable mapping of E in to Rn. The correct
statement about f is

A. f ′(x) = 0 for every x in E then f is a constant.

B. f is an open mapping.

C. f ′ is continuous.

D. f ′(x) = 0 at all points x in E at which the function f attains its local maximum.

19. Which statement is correct about a compact linear map on a normed space?

A. 0 is always in the spectrum.

B. Every element of the spectrum is its limit point.

C. Spectrum and the eigen spectrum are the same.

D. none of the above

20. Which of the following is true about the right shift operator c on l2 ?

A. c is compact

B. ‖c‖ = 1

C. c∗ is compact

D. σ(c) = σ(c∗)

21. Let (x(t), y(t)) satisfy the system of ODEs

dx

dt
= −x + ty

dy

dt
= tx − y.

If (x1(t), y1(t)) and (x2(t), y2(t)) are two solutions of the above system and

ϕ(t) = x1(t)y2(t) − x2(t)y1(t),

then dϕ
dt

is equal to

A. −2ϕ

B. 2ϕ

C. ϕ

D. −ϕ
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22. Let u = u(x, y) be the complete integral of the PDE,

pq = xy

passing through the points (0, 0, 1) and (0, 1, 1/2) in the (x, y, u) space. Then u(−1, 1)
is

A. 0

B. 1

C. −1

D. 1
2

23. For the initial value problem

y′ = y2 + cos2 x, x > 0, y(0) = 0,

the largest interval of existence of the solution predicted by Picard’s theorem is

A. [0, 1]

B. [0, 1
2 ]

C. [0, 1
3 ]

D. [0, 1
4 ]

24. The value of the integral
∫

|z|=3
ezt

z2+1
dz where t > 0 is

A. cos t

B. sin t

C. 0

D. none of these.

25. Let G be an open connected set and f : G → C. Which of the following is not true.

A. If f is analytic and real valued, then f is a constant function.

B. If f is analytic and takes purely imaginary values only, then f is a constant
function.

C. If f = u + iv is analytic then g = v + iu is analytic.

D. If f = u + iv is analytic then g = −v + iu is analytic.

PART B
Answer any ten questions. Each question carries 5 marks.

26. Show that a connected normal topological space having more than one point is uncount-
able.

27. Prove or disprove. The zeros of the polynomial f(z) = z5 + 2z + 5 lie in the annulus
{z : 1 < |z| < 2}.

28. Let D be the open unit disk and f : D → C be an analytic function on D such that
f(0) = 0 and |f(z)| ≤ M for some M > 0. Show that |f(z) ≤ M |z| for all z ∈ D.
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29. Prove that there does not exists a linear map from R5 to R5 whose null space equals
{(x1, x2, x3, x4, x5) ∈ R5 : x1 = 3x2 and x3 = x4 = x5}.

30. (i) Suppose T be an invertible linear operator on a vector space V . Prove if λ is a non
zero eigenvalue of T if and only if 1

λ
is a non zero eigenvalue of T −1.

(ii) Prove that there does not exists an operator T : R7 → R7 such that T 2 + T + I is
nilpotent.

31. Let X and Y be Banach spaces and f ∈ BL(X, Y ). Prove that either f is uniformly
bounded or f is unbounded on a dense subset of X

32. Prove or disprove. Limit of a sequence of a Riemann integrable function is Riemann
integrable.

33. Prove or disprove. If f is a C ′ mapping of an open set E ⊂ Rn into Rm and if f ′(x) is
differentiable for every x in E then f is 1 − 1.

34. Find an injective function from the power set of natural numbers to the subset (0, 1) of
reals.

35. Prove or disprove: The symmetric group Sn has

(a) subgroups of order k!, for all k = 1, 2, ..., n − 1.

(b) normal subgroups of order k, for all k = 1, 2, ..., n − 1.

36. Prove that the algebraic closure of Q is contained in C.

37. (a) Find a positive integer n such that µ(n) + µ(n + 1) + µ(n + 2) = 3.

(b) Use multiplicativity to calculate the sum
∑

d|2592
φ(d)

d
.

38. (a) Show that if 23a2 ≡ b2(mod 17) then 23a2 ≡ b2(mod 289).

(b) Characterize all primes p such that 15 is a square modulo p.

39. Solve the Cauchy problem:

p − zq + z = 0, x > 0, y > 0

for the initial data curve C : x0 = 0, y0 = s, z0 = −2s, −∞ < s < ∞.

40. Find the solution of the equation

(x − x2)y′′ + (3/2 − 2x)y′ − (y/4) = 0

about x = 0.
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